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Multiple choice questions
1. [2points] If 5sinx = 4 with % < x < m, then cosx isequal to
3 _3 1 3 3
@ _E ® 4 @ 3 @ 4 @ 5
2 2
From sinx = i, we see cos’x =1 — (1) = (E) , Which combined with Tex<nm yields cosx = —3.
5 5 5 2 5
2. [2 points] Find the sum of all INTEGERS x satisfying the following inequality:
x?—2x <2
@ -1 @ 0 ® 1 @ 2 ® 3
Solving the inequality, we get 1 — /3 < x < 1 + /3. Integers in this range are 0,1,2.
3. [2 points] Which of the following is the LARGEST?
@ V3 ® V32 ® V233 @ V5 ® V23

From V3 = V2_7, 3\/ 32 = Vﬁ, V233 = W, VY5 =¥ 25, we see V3 is the largest.

4. [3points]If w?> —w +1=0,then w?%?! — 2w?°22 + 3?2923 jsequal to
® 1 ® 2w-1 ® 2w+1
@ w? ® 2w?

Multiplying (w + 1) on both sides of w? — w + 1 = 0, we obtain w3 +1=0,ie. w3 = —1.So,

(1)2021 _ 2(1)2022 45 3(1)2023 = ((l)3)6730)2 _ 2(w3)674- 4L 3((&)3)674(0

=—w?-2+4+3w=(1-w)—2+3w=2w-1

5. [3 points] If @ and B are the roots of the equation (log; x)? —logs x3 = 9, then af is equal to

@ 27 ® 18 ® 9 @ 6 ® 2

Observe that log; a and log; 8 are the roots of the equation t? — 3t —9 = 0. By properties of quadratic
equations, logz a +logz B = 3, and so logz(aB) = 3. Therefore, aff = 27.
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6. [3 points] Let 2* = 2022. Simplify the following:
|[x—9| +2|x—10] + |x—11|
® 9 @ 2x-—-18 ® 2x
@ 9-—2x ® 18 -—2x
Observe that x = log, 2022 satisfies 10 < x < 11. So,
|lx—9| + 2|x—10| + |x—11|=x—9+2(x—10)+11—x = 2x — 18
7. [3 points] Simplify the following:
T 5t
i (2 s sin (2T
Sm(lZ) sm(12)
V3 1 V2 _1 A
@ @ 5 ® 3 ® -3 ® -3
We have by the double-angle formula
sin (1) X sin(s—”) = sin (l) X cos (l) = 1sin(Z . l) = ll—l
12 12/~ 12 12/ 2 12/ 2 2 4
8. [3points]If a—b =4 and ab = —2, then a® — b3 is equal to
® 10 @ 20 ® 30 @ 40 ® 50
We have

a®—b®=(a—b)(a*+ab+b?) =(a—b)((a—b)?+3ab) =4- (42 +3-(-2)) = 40

9. [3 points] Simplify the following:

sin? (l) + sin? (l) + sin? (3—n) + sin? (%) + sin? (%) + sin? (%) + sin? (;—g) + sin? (%T) + sin? (:—g)

20 10 20
7 9
@ 3 @ 3 @ 4 @ 7 ® 5
From
- (9m TN | (2m\ TN (7m\ 3m\  (3m\ m oy 1
sm(ﬁ) = cos(%),sm(?) = COS(lO)'Sm<20) = cos(20>,sm(10> = cos(s) ,sm(4) = 2
and the square identity, we see the given expression is equal to 9/2.
10. [3 points] Simplify the following:
1 1 1 1
log, (1 - E) + log, (1 - §) + log, (1 - Z) + -+ +log, (1 — E)
©® -4 @ -2 ® 0 @ 2 ® 4
By the properties of the logarithmic functions, we get
1 1 1 1 1 2 3 48 1
10g7<1—E)+10g7<1—§)+log7(1—z)+~~~+log7(1 _E) :log7(§><§><zx~~~x@) = log7E= =2




2021-2022 AUT Admission Test

(Mathematics) Sample

11. [3 points] Evaluate the following limit:

. 1—cosx
lim ——
x—-0 X
1 1
@ -2 @ —3 ® 0 @ - ® 2
. 1—cosx . (1—-cosx)(1+cosx) . sin? x . sinx sin x 0
lim = lim = lim = lim im =1x=-=0
x>0 x x>0 x(1 + cosx) x>0 x(1+cosx) x50 x x>0 1+ cosx 2
X2
12. [3 points] Find the MINIMUM value of P for x > 3.
® 0 @ 3 ® 6 @ 9 ® 12

We have

* =(x-3)+6+ ° =6+ (x—3)+ o >6+2 [(x—3) ( o )—6+6—12
x—3 x—3 & x—3° & x—3) -

by AM-GM inequality.

13. [3 points] Let A = ((1) Czl) If A%2 = (lc) Z) Then, a+ b +c+d isequal to

® 2 @ 4 ® 6 @ 8 ® 10

We have

#=G 90 9-0 - )

andso a=3, b=1, c=0,and d = 4. Therefore, a+ b +c+d = 8.

14. [3 points] A differentiable function f(x) defined on the real line has the following values:

X -1
f(x) 1
f'(x) 4 1 -2

Find g’'(1) for g(x) = (f(2x))3.

@ -108 @ -36 ® -12 @ 12 ® 36

By the chain rule, we have
2 1
g'(x) =3(f(2x))" - 2f"(2x)
andso g'(1) = 6(f(2))2f’(2) =6-3%.(—2) = —108 with the aid of the table.
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15. [3 points] Suppose the following holds for some real numbers a and b.

57‘[+'_ 57r>161_ + b
(cos? lsm? =a i
Then, ab isequal to
1 _L V3 1 £
@ 2 @ V2 ® 4 ® 2 ® V2
We have
. 57r+” Sm \/§+1,
@ = COS =+ isin— = ——-+ i
Simple calculation shows w? zé—?i and w? =i. Then, w'®! = (0?)%?*1w? = jw? = §+%i. This shows
a=E and b =l,andso ab =£.
2 2 4
16. [3 points] If P(4|B) =§ . P(B|A) =% ,and P(4U B) =i ,find P(A N B).
1 1 1 1 1
@ 3 ® % ® & D % ® u
We have
) = P(ANB) 1 ) = P(ANB) 1
- PB) 5’ T PA) 2
andso P(4) = 2P(AN B) and P(B) = 5P(4A N B). From
1
P(AUB) =P(A) + P(B) —P(ANB) =6P(ANB) = 2
weget P(ANB) = i
17. [3 points] Find the MINIMUM value of x + 2y where x2? +y? = 1.
® -2 ® -5 ® V3 ® 2 ® -1

Let
x+2y=k
Then, (k —2y)? +y? =1 has real roots. So, the discriminant of 5y? — 4ky + k? — 1 = 0 is nonnegative:
4k2 5,2 —1)>0

In other words, k2 < 5. So, the minimum value of k is —/5.
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18. [3 points] Suppose that a differentiable function f satisfies

f(x) =sinx + fn(f’(t))zdt
0

forall x.Then, f(m) isequalto

@ ; ® ® n ® 0 ® 1

Let

fn(f’(t))zdt =k
0
Then, f(x) = sinx + k. So,

s , 2 _ s _ 1'[1 _E
k=f0 (r®) dt—f0 (cost)zdt—f0 E(1+c052t)dt—2

(M =sinm+5 =2
f(r) =sinm > =73

19. [3 points] A quadratic function y = f(x) satisfies f(0) =1 and

j_zlf(x)dx = J_Olf(x)dx = jozf(x)dx

Then, f(—2) isequal to

@ -7 @ -6 ® -5 @ -4 ® -3

Let f(x) = ax? + bx + 1. From the conditions, we see
0 2
f fo)dx =J’ f)dx =0
=il 0

This gives a = —3/2 and b = 1.So, f(x) = —sz + x + 1. Hence, f(-2) = (—g) 22+ (-2)+1=-7.

20. [3 points] Evaluate the following limit:

o om+ 1
llm( )

n—oo

@ e? @ e ® 1 @ et ® e2

n + 1 -2n 1 n
lim ( ) =( lim (1 + —) =e7?
n—oo n n—oo n

21. [4 points] Find the area of the triangle A ABC with sides AB = 7, BC = 4, and AC = 5.

@ 2V3 @ 2V6 ® 2V7 @ 4/6 ® 47

By the second law of cosine,
cz+a2—b2_72+42—52_5
2ca T 274 7

and so sinB=¥ .The area is %acsinB=%~7~4~¥=4\/g

cosB =

5/8
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22. [4 points] Find the area of the region that is enclosed by the curves y = 2x and y = x2.

7 5
@5 ®§ @g @ 1 @g

At the points of intersection, x = 0 and 2. So, the area is

4

2
f (2x —x¥)dx = =
o 3

23. [4 points] Consider the function f(x) defined by

2" 1sin?"*1(2x) + % —x
= |
fe) s 2" sin?(2x) + 1

Then, (f o f)(0) isequal to

3 3 1 1
@ 0 @ 2 ® 2 @ 55 ®

. . . . . V3
We can easily see that f(0) = g. Since |2 sin? g| > 1, we obtain f(f(O)) =f (g) = %smg = 73

24. [4 points] Find the LARGEST real number k such that f(x) = —x3 + kx? — 3kx + 1 satisfies

f(x) > f(x,) whenever x; < x,

@ 3 ® 5 ® 7 @ 9 G 11

The condition says f'(x) <0 for all x. Calculation shows f'(x) = —3x2?+ 2kx —3k <0 for all x. The
discriminant of f'(x) =0 is k2 -9k <0, 0 <k <9.

25. [4 points] Suppose the function defined by

X

Ji€9) =f et” dt
0

satisfies f(a) =§ for some constant a. Then,

fa sin(f(x)) e** dx
0

is equal to

@ - ® ;5 ® 1 @ 2 ® n

With substitution u = foxetz dt, du = e*’dx, we obtain

NE]

fasin(f(x)) e*’ dx = f sinudu =1
0 0
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Short answer questions

26. [4 points] Find the sum of all x with 5 < x < 500 such that log;, x is aninteger.

x =10,100

Answer: 110
27. [4 points] Evaluate the following integral:
4
f x 17 — x? dx
1
u =17 — x?,du = —2xdx gives
* 169 1 1
f x 17 —x2 dx= | =vudu=-uvu| =-(64—-1)=21
L L 2 370, T3
Answer: 21

28. [5 points] Let a be the sum of ALL solutions to the trigonometric equation

cos2x —cosx+1=0, 0<x<m.

Evaluate

72 a

T

With t = cos x, the equation becomes 2t? —1 —t + 1 = 0 bydouble-angle formula. Then, t =0 or t = 1/2.

- s T
Corresponding x values are 3 and 3

Answer: 60

29. [5 points] Find the real number k such that the equation

(Inx)*
—=

e %k

has TWO DISTINCT real roots.

(Inx)*

3(4—
Let f(x) =—Then, from f'(x) = (nx)°(4-Inx)

2 , we see that f(x) hasalocal minimum f(1) =0 and local

. 256 . . . -
maximum f(e*) = i Also, we have lim f(x) = 0. Therefore, the given equation has two distinct real roots
X—00

when k = 256.

Answer: 256
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30. [5 points] Evaluate the following limit:

lim n (i/n2 +2022n+1—Yn2 +1)

n—oo

We have

Yn(n? +2022n+1 - (n? + 1))

Vn (Vnz+2022n+1- Yn2 +1) = - .
(In?+2022n+1) +¥n? +2022n +13¥n2 + 1+ (¥n? + 1)

B 2022 nn

- 2 2
(In?+2022n+1) +¥n? +2022n+13¥n2 + 1+ (¥n? + 1)
2022

> =674

as n — oo,

Answer: 674



